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CHAPTER TI.
INTRODUCTION

In this paper we shall consider the steady-state,
two dimensional, irrotational flow of an inviscid, incom-
pressible fluid under gravity. The flow boundary contains
an analytic "fixed boundary arc” Ty and a "free boundary
arc" T'p. These meet at infinity and form the boundaries
of a jet of fluid having a source or sink at infinity,
where the velocity becomes infinite.

One application of this is the flow past a gas
bubble in an infinitely long vertical tube. (2: 1-5).
Another is the flow along an inclined plane. (1: 1-5).
In our problem we shall consider the special case where

', is a straight line and will use a method of solution

a

involving primarily differential equations.

We consider the fixed boundary to be analytic at
infinity and assume the velocity approaches infinity on
the free boundary. At other points in the jet, we assume
the flow is free of singularities and stagnation points.
The principal result we achieve is the asymptotic expan-
sion for the flow through methods of differential equations;
the method being applicable to other problems. It may be
seen that the velocity approaches infinity throughout the

Jet and hence becomes thin and asymptotic to the Tj,.
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We choose a complex coordinate z in the flow plane

such that the fixed boundary is asymptotic to the positive
real axis at infinity. The inverse veloclty potentlal
function z = f(w) describes the flow near infinity. This
is a conformal mapping of a horizontal strip S onto the
jet. This means f(«) = = and the boundaries of S are
mapped into T'p and Ty. Lg and Ly are the half-lines in
the w-plane which correspond to Ty and T'y;. The strip

width A 1s the source or sink strength.

Now u(w) = TT%ET represents the conjugate flow
velocity. Thus, the condition of constant pressure on
the free boundary implies |[f'(w)|~?-2gRe{f(w)} is constant
on Ly where g 1is the absolute specific force. Since Ty
is a straight line we have f(w) > 0 on L,. The fact
that the free boundary velocity approaches infinity im-
plies that f'(w) tends to zero near infinity on Le.

Earlier studies have shown that f and u have infinite
asymptotic expansions in terms of w-1/3 and log w. (1:35-50).
These were for the flow orientation in which there is a sink
at 1nfinity and the flow domain lies on the left side of T,.
The corresponding expansions for other "flow orientations"

are easily obtalned by transformations. This implies that

when the singularity at infinity is a sink, we have

flw)~g, + (%Lé’.z_ Y3 [+pw)] and ulwinen)’? [1+acw)
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where f; 1s a real constant and P and Q are infinite series
in powers of w~!. The constant in our differential equation

turns out to be -2gf;. (1: 4).

Given g, A, T,s and the "flow orientation", it turns
out that f and u are uniquely determined by f , and a second
constant w, which represents the arbitrary additive constant
in the complex velocity potential. It has been shown that
changes in the boundary conditions and singularities in the
flow can affect the asymptotic jet behavior only through the
parameter f . Also, the free boundary shape 1s given by

2
XY? ~ %E and hence is independent of f,. (1: 5).



CHAPTER 1I.

THE PROBLEM

One case of the physical problem
involves the flow past a gas bubble in an
infinitely long vertical tube. We choose

a coordinate system attached to the bubble,

with the liquid flowing around the bubble.

—

We place the apex of the bubble on the

imaginary axis with the fixed boundary
on the real axis. Gravity is acting downward in the tube.
The flow is described in terms of a complex potential which
is an analytic function in the physical plane. The tube is
represented in the z-plane by an infinite strip of width A.
The condlition of constant pressure on the free boundary
takes the form |f'(w)|~?-2gRe{f(w)} is constant on Lg¢.
This is implied by Bernoullis' equation. (2: 1).

Another case 1is the flow from a slot. The corners
of the slot and the apex of the bubble are points of singu-
larity. We consider the standard orientation in which there
is a sink at infinity and the flow domain lies on the left
side of the fixed boundary. This means that the half strip
S extends to Re{w} = « and L, lies below Lg.

We map the strip S conformally into the upper and

lower semicircle by the functions g(w) = exp('9£+iw) and



~

t(w) = exp(T2p).

We map the free boundary onto the real axis
and map o onto the origin. Our condition of constant pres-
sure is independent of the shape of the boundary. Now the
flow along each side of the bubble and from each corner of

the slot will all represent the same physical problem with

our vertical boundary.



CHAPTER III.
METHOD OF SOLUTION

We consider the family of all functions F(w) such
that F is defined and regular on S and real on La' We
establish asymptotic expansions for f and u from the func-
tion F = log u. This implies that u = eF and so % = e-F,

From the conjugate flow velocity we get f'(w) = e~F(w),

Hence we can write the flow f(w) as J® e-F(w')du'.

We choose the functions v and ¢ such that v is
analytic in the strip S, ¢ = arg u, and v = |u| on the free
boundary. We thus have F = log u = log v + 1¢. Hence on
the boundary the real and imaginary parts of F(r+iA) are
given by G = Re{F} = log v and H = Im{F} = ¢. Earlier

studies give us the expansions for F and u as

1 Jog(3gw) + Wo _ Jwi+BA® o

3 - rr———— Y —— 8 ® @

3
3w 5442 w?

(1) F(w)

(2) u(y)

3w 27w? w3

1/3[1 + @o 3wd+4p? 34
(3%0)) . (l: 39)
The condition of constant pressure on the free boun-
dary implies [f'(w)| ™*-2g Re{f(w)} is constant on L. From

the substitutions above we can write v?(w)-2g Re{f“ar%fy dw'}

is constant on L,. Setting w = t+iA and fr=l=e-10/V ye get
u



L}
=3 ]
(¢}
—~—

~—

w
Re{f ET%TY dw'} BEIC N dw'}. Hence

T e—i¢(x+iA)
RE{ . W dX}o Thus we have

(1]
Ret) gy a0

T
vi(w) - 28Re{J; 9%%%%%%%51 dx} is constant. Differentiate

and we get 2v(w) OV - 2g €0S90(W) _ o Hepce IV = 8 cOsé(w)
dw viw dw vZ(w)

on Le. Now cos ¢ = % + % so we get the differential equation

av = & _ (1 4 ¥y,

dw 2 v u

<

Let w

> Al>

(=27 + in), ¢ = (3%5)1/3, 4 - uzl/3,

G = vzl/3, n = + c¢c and u = 9 + ¢. U will be real since
we map the free boundary onto the real axis. These substi-

tutions will yield

(o}

(3) 23 =12+ gi [(n--c)(—C+u)"3 + (-C+n)"(-C+u)"].

Evaluate ul:% (-z'1+iwi] to order %. This will enable us to
find n to order 2. Expand n to get n? and n?® to order 3.

Expanding (3) to order 3 and substituting for the powers of

n we get
n+m=3
(4) z3W _p= ¥  auulzl,
dz n=0
m=0

Using the approximation w = c,z + 0222 + csz3 + e

where the cy are necessarily real we have



= B, * 2czz + 3c3z2 + «eo ., Hence we find that

QaICL
N =

N

%E - u=c,z? + 2c,z> + *++- . Comparing this with the
z

coefficients in (4) and using the fact that the ¢y are real
we can find ¢,. Having found c¢, we can then find ¢, and

cy. This will give us u(z) to order 3.

Now Q(z) = u(z) - c¢c, v = 42‘1/3, and z = =2 so we
can evaluate v(t) to order ‘%. Taking the log v we get an
expansion for Re{F} to order -3. Expand (1) at t+iA to
order -3 and we get another expansion for Re{F}. Comparing
coefficients we can find ao,. Next expand eF(w) and we have
8§3. This completes our cycle. We start again to the next
highest order to find ¢,, a,, and §,. This formal process

is demonstrated in Chapter 4,



CHAPTER 1IV.
CALCULATIONS

av - g__
We have the differential equation dw 2oy (

<|:
£l<
N

Let w = A (~z='+71) so ¥ = A 2-2 gngd z = A (A1 - w)~?.
T dz T T

By the chain rule we get 3V = A 32 4V pepce
daz T dw

2

dv  Agz ~ (u 4 V) pe¢ § = vz1/3 ana & = uzl’/3 so

dz 2mva v u

dv - ¥ 5-2/3 4+ z1/3 AV, Thus z QQ = Q + 3Ag (W 4 vy. Let

dz 3 dz’ dz 3 blvz 'y J

c = (3Tr ) /3, n=u+c¢, and p = v + ¢c. Then Q% = dU ang
dpy - up-c c? “2 FN=8 , =G

so z Q¥ = H=C
3= T * (u-c) ( + n_c) Hence

duy _ u-c c _ - -3 -1 -1
z 3 =5 ol = (n-c)(-c+u) + (=c+n)~'(-c+u) .

dy _ u-c c? = 3 -4 -5,2 -6
z 3 = t [Zn c)(-c 3¢ 'u-6¢c 10c™%u’) +
(=™l inee™in2-p™? ) (-~ t-a™ 2y *u :] + o(z"*).

dy =~ u-c 1 2 2.3 2 2
z G = MU=C 4 ~-c’n=-3enu-6nué+c +3ciu+beu+
= L] l 3enu u 3c®u u

10u3+c3+c2u+cu2+u3+czn+cnu+nu2+cn2+n2u+n3] + o(z").

d =
Thus 2z E% - u = E%? [}20nu—5nu2+7cu2+llu3+cn2+n2u+n{] * glz2%),
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1/3 wo _ 3wi+ha’ N - "
Now u(w) = (3gw) [} - % " o(w i]. ence

u(z)

2 2 2
=1 1/3 Woem (3(1) +U4A )TT
Bl [§ * 3A(~-z-T+71) 27A2 (=z=-1+m1)2 |’

u(z) = cz—l/3[}l + §% (wo+iA)+ 2;:2(A2+6woiA+3w§)zz+o(z38.

n=uzl’3 + cson=2" (wo+1A)+

3% 27A2(A2+6woiA+3w§)zz+o(z3)

n? = o s —(wo+2w,1A-A%) 22 +202“3(1A3-5w A%49w2iA+3wl)z? +
9Az 81A3 0 0 0

33
o(z"), and n?® = %TET (wi+3w21A-3w,A%-1A%)2z® + o(z"*). Thus

du e i Echn -2c?y 2 2
z Q8 _ = +iA)uz A2+6p 1A+ z
5 u g (w, Ju —§~—7( w, Bw; Juz? +

=5cm (wo+iA)u?z+7cu?+11u 54 g¥mw® (wi+2w 1A-A %)z +
3A 9A7

2cin? 2 3y, 3, cm? 2 2 2
BIKT_ (1A3_5w°A2+9woiA+3wo)Z + gKT~ (wo+2woiA—A )UZ

+cin’ 3 2 2 5%l 4
Bt (i+3021A-30,A2-182)z2] + o(z*).

Our first approximation for u is c ,z + ¢,z® + c, 2z’
where the cy are real because uy is real on the boundary.
From this z $¥ - = c,z? + 2c,z®. Comparing this with the

dz
above we get that

2 3.2
6, = W[ cln (w,+iA)c, + Tcc? + 097&2 (w§+2woiA—Azﬂ.



~2¢c? Sq2 Cwo ™
Im{cz} = 6_3:;7[2_%1 2y + gf_.g.%______w.] = 0, Hence Cl = 0

11

3A
1 [=2c?muwo Cw m 7ciwin? |, cin? [ 2,2
Thus ¢, = z=3 3Aw ( o ) + 9Ag + T (wi-A ﬂ .
Hence c, = &n’ [}2 2+7m2+w2-A{l = cn? (6w2=-A2)
*  ©ThAz “o o o ShA2 0
" 2c m 2 a2 2e%qd
Now gy = 1202 [ (w +iA) —HKT (6wo-A i = STA2

(A2+6u,18+303) Sx2T ~ 28T (4 +1a) czgi¥2-+ 7“;?;“3 (6w2-A%)
+ lngXE" + 2§123 (1A%-5w,A%+9w,1A+3w]) + 9%%%11 .
(w2+20,1A-A2) + %;%; (w3+3w21A-30,A2-1A%)] .

Infe,} = poor [ Sair (6ui-a?) - AL wfn’ e uin’
5 2§;w3 4 20;x§n3 + 2;;:§w3 + cagiga _ c;;i] In{c,} =

cin? [-2uw? + 1 _ Bwl _5wi L2 + 2w) o 2w
124

Thus Im{c,} does indeed equal zero.

(o]
|

27TA2 B1 27Az 27A2 81 = 9A2 2TAZ

1 [-c3uwgm? 2_p2y _ 2ciqd 2
s T I2c2 [: gras (OWomA") - Sgrps (A+3u



12

Sc3win? | Tclyyn? 1lciwin® -
+ 0 2_p2 cCwem 2¢" T 2 3
27A3 g1As (6wy=A") + ZHopy— % gy (5w ATH3u,)

3 .n,3 c3ng3

—2ws ., A?  2A% 2w3 5wi . 1l4w? 7A%? | 1lw? 10A% | 2w2
[j27 YET BT -3 -3t -8Bt T BT taot
wh _ A2 , w3 _ A2 _cmiwy [20wd 10A% ) - Scmiwoe
i 27 27 ~ 94> %, T 1oE (27 T 37 T6oRs (2w;-A?)

= ofwom n? 2_p2y,2
At this point u(z) c 35 z + =TAT (bw%-A%)z

3
—6-9—— A
+ ]5_w223 (2w§°—A2)z3J + o(z*) and v(z) = c¢[-1 + worl

2
shar (6uj-a%)z? + 30T (2u2-a%)z%] + o(z*). Now

A
Z = — ,V = vz’1/3, and ¢ = (—3—11:—5)1/3 so we get that

v(it) = (38)1/351/3 + w3 1=2/3 -lll' (6w -A2)71=5/3 4

5“’“ (2w2-A?) -8/3 + O(T‘ll/3)] F(T# A) = %_ log 3gT +

=1 & wo _ 9uwf+8a2

1 1 A,
T T 3(t+iR) ~ SG(T+iA)Z

AZ
1 + =
6— Og(l ?r) + 3 tan

+ (T:;.A)3+ al1™%},



5* AS
2T4 316

By taking £_ ¢ 1 we have log(1+ﬂi) - B
T T2 T2

and t;a.n"1 A A éi‘ A®

g sen, Hence we get

wo+iA  A%-9w?-18w,iA

F(t+iA) = 37 5Tz

log 3gt +

Wi+

1A%+ 1A-9A%wo+2 -
# 2 9”37139 wot2T03 4 (g,

2 P
Log v = % log 3g1 + 1og[1 + Wo _ buwB-A? | 10w3—5woA1

3 3T 5ht2 162t°
21 wo A%-9u? 3w« A% it
so log v = 3 log 3gt + T + 54120 ¥ 5712 + oft™"*).

Now Re{F} = log v. Hence 3w:-woA2 -9A2w0+27a3. Thus

3 2
- 3wg+Buwy A = = A _ wgA 5A%+9w2A
a3 ——157—1—— . Im{F} ¢ SO ¢ 37 §%? + *_57??m_

+ -ty, P =13 + Wo _ 8A%+9w? 3wi+8wyA?
o(t=") (w) 3 1log 3gw s M + 27wg

a - . F(w) _ 1 2pup?
+ B% + o(w=%). u(w) = eF®) = (3g4)1/3 [i + %& - 3%%5?_~

123w3+336w29A2+32A“+2916a{]

1 3 2
+ BToT (5w°+20w°A ) + S518w"

dy . w-c , c? el - 1 B
Now z : 3 + (n-c)(=c=*=3c~*u=6ec—=>p*+

-10c=%u3-15¢=7u*) + (c='=c=2n-c-3n2-c=*n-c-5n*)
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(-c“-c’zu—c'auz—C‘“u3-c'5u“i]. z QU = u-c 4 ¢,
z 3 6

E—C"an-3c'“ﬂu-6c"sﬂu2—100°6nu3+c"2+3c"3u+6c‘“u2+10c“5u3

+emnud+e*n2+cSn?u+e~®n2ul+c—®n+cniu+c~%n*). Hence

we get

du

Z dz

-u = 6%'3' [—2c2nu-5cnu2—9nu3+7czu2+llcu3+16u“+
02n2+cn2u+n2u2+cn3+n3u+n'0].

o afooel 1/3 Wom (3w?+4A2) 72
ule) Shg™ k] [ﬁ * 3A(-z=T+7i) - 27AZ(-z-1+7mi) 2

(50.\3"'20(00A2)'ﬂ'3 L
t BIni (i s T olz )]

-1/3 , m ,2/3 _ %i 2573 _ 5w;1 2873
3 8

u(z) = c(-2

[1+

(—z-miz?2+m223%) _ (3w?+4A2%)7m?% (z%+42miz?) -
2TA2

wls
|

3 2y, 2
(5w ‘gig‘;\ A¢)m a¥ & o(zu)].

u(z) = cz'l/3£;l + %K(wo+iA)z + 2;A2 (A*+6wy1A+3w2 )22

3
+ g%x?-. (31A%+w A%+3wiiA+w])z® + o(z“}.
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em?

Now n = uzl/3 + ¢c son = 3A

(A2+6w 1A+3w, )22 + Sem? (31A%+y A2+3w2iA+w})z? + o(z*),

8143

2 52
2 . G°1 2 %Y ol 2¢?n? 3

¥ 729A“ (-89A*+132w 1A%-90w2A2+156w31A+3%u})z" + o(z%),

_clin cin
nd = 57R (w3+3w21A 3w, A2-ip3)z3 + BTKT (3w +12w3iA+

W4
-lhwfA?-bu 1A%-A%)2" + o(2®), and n* = grpe (wi+bwiiA-

bwZA?-lw 1A%+A%)z" + o(z®).

1 [-2c3q 1 ok

du _ =
Thus 2z T u

(A2+60 1A+302 )uz? - 10c3w® (31p34, A2+3y2iA+y3)yz? - SCim

81A3 0 0 0 3A

2.2
(w,#1h)u?z = 2500 (A246u 1A+u2)u2z2- 38T (y +14)y%2

+7c?u?+1lcu+16u* + S T2 (92420 1A-A2)z? + 2C°T°
u u u 9A ( ) S

(iA3-5m°A2+9w§1A+3w:)Z3 + 755—7 (- 89A“+l32m iA3- 9Ow2A2

3 by, cin? 2 2 2 2cin?

L e 2
(1A3-50,A24+9021A+303)pz? + Sof

3 (w§+2w°iA-A2)uzzz
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.3 6 4
c T 2 3V, 3 c'm % g n 5
e (wg+3wilA-3uw A%-1A%)2° + g (-A -y 1A-1402A

33
+ 120]1A+30y)z" + ST (wi+3uf1A-30, A2-1A% )uz® + %%%;

(w:+uw:iA-6w§A2-4w°iA3+A" )Z‘E] .

2 3
Now u = _C_% z + g—"ﬁf (6(&)§--A2)z2 + %%g—ffg_ (2m§-—A2).

2 3
z3+c,z* so we get z %E - u o= ST (6w?-A%)z? + DCWoT
z

50AZ 8IA?

(2w2-A%)z? + 3c,z". Comparing this with the above we get

N
= CT ~Swy + 2_n2
that ¢, = 7g ST3Aw (wo+iA)(2wg-A?)

1 2 2
- 7§§Kr (A +6woiA+wo)

(6ud-A%) - P80 (31A%+u,A%+301A+303) - P& (0 +1A)

S5w? ¢ 3
(bw2-A%) - E%%KT (A2+6po1A+3wE) - w&« (g FLh) + 291 Aw

O

2
(36w-1202A%+A"%) + %%%%r (2w2-A2) + %%%%T (6w2-p2)

16wy 1
* 1A% ¥ T29A4

(-89A*+132w,1A%-90w2A?+156w31A+3%u?)

1
+ yEore (Wi+2uw,1A-A%).
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2
(bw2-A%) + 5%%%7 (1A3-5p A2+9021iA+3w]) + %%Kr (w2+2y 1A-AZ)

1 w
+ BTav (-A"—umoiAa-luw§A2+12w31A+3w:) + B—ﬁ (wg+3w§iA
3w AZ-1A%) + ot (w*+hydiA-602A2-ly iA3+A“)I
Wy B1As ‘Yo 0 0 0 .

Now checking to see if Im{c,} = O we have

_cm" [-10w? 5w, S5wi 2w, 10w, 10w3
Im{c,} = 73 ST3AT * 543K - BTAT T 503K ~ BIA- - BIA

_ 10w3 | Sw, _ 10wi _ wj 44wy , 52w}
BIAs T 503K ~ SIAY " oAY ' ou3n T aimav t ETAT

2w}

2w Ly b wl w hud  Hu _
torr teh csAtatA Yo CBIEtBIACBIA T

Thus Im{c,} does indeed equal zero.

_cm" [-10wg

_ + Dwh 2w 1 2wy
L 18 2h3Aw

5h3Az ~ 2h3Az ' 729 ~ BiAw

w2 10w 10wy 10wy , 5wl IH 5w g
t 54387 - 543A7 ~ 243A% ~ B1Av t 543A7 - 5043AZ ~ BIA®

4 4 2 4 2 b
- Wo oy Twe _ Twg ¥ 70wy _ 35wg llwg
gav t BIav ~ 203A2 Y 2916 t 2h3av ~ 503az t T6oAz
+ 16wg 89 10w} % 13w we w3 w? 1

B1hw - 759 - BiAz * 2U3Aw * BIAv - TB6Az - BiAz * TG

10w3 2wg wg wi 1 14w} wg we
- 5T34z * BIAw * BTAV - 81A2 -~ BT - BiaAz * 27a% * Biaw
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2 L4 2
Wo [ 2(&)0 1
- 574z Y Biaw - 37az ST:}’

cn* =113 20w2 ., 20w} o u_ 242 ﬂ
c, = 5 575 - 27Ag + 27As] = T7,596R T20wy-720wy A 113A

¥ = {3173 [} + %1 s A2-6wd . 10w3-5wyA?, 113A“+720m§—720w€]c

T 54t2 16213 17,496t
.1 wo 5 A%*-9uwd |, 3wi-woA® , 55A"+486A%w2-T29u;
log v = 3 log 3gt + 3 + AP + 57Tg + 8748}“0 0
1 +iA . A%2-9w3-18w,iA
Now F(t+iA) = 3 log 3gt + w°3r + 923T2 2+

51A%-A%w,+9w2iA+3w) 13A-20A%w,1+18A%w2-12Aw,1+360
2713 36TY '

Hence 55A*+U486A%w3-T729w,; = (243)(13A%+18A%w2+36a,).

= _ 3104A%+3888A%2w§+72%wé
Thus a, 5758 .
o = A _ woh 5A%+9wiA  _ 5A%we+3wiA ol 1™}
3t 1 27t 91
- 4 wo  9wi+8A% |, 3wi+8A%w
F(w) 3 log 3gw + I - %Mw 4 %7w 09

_ 729w +3888w2A%+3104A"
B7UBw*

+ o(w=?%)

- 1/3 wo  3wi+la? S5w3+20w,A2
u(w) = (3gu)?/3 [1+ 48 3024 jiadn,

4 2 2 4
2&8wo+1ggf73$w31\ +1504A% | O(w-s):]



u(z) = 38 2t 5hA7 zn W= t 1657 =
Cwom + cm 4
5 (6wi-A?)z? 5cT w, <
765 (2w2-p%)z?

& cm*
7,967 - (720w
“T96A 7T20wy-720wiA%-113A")z" + =--
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CHAPTER V.
CONCLUSION

Since the flow f(w) can be written as
902 )13 P(w) 1 1
£, (ég— [} + P(wi] where P(w) is a power series expan-

sion of w=!, the entire flow configuration is asymptotic to
I, in the sense that Re{f(w)} » ©® and Im{F(w)} = 0 uniformly
as w + © on S. The asymptotic behavior is uniquely deter-
mined by g and A in the case of a vertical boundary except
for inessential translations in the z and w planes. Although
asymptotic expansions do not always converge, it is possible
to get a close approximation for most functions. In this
problem we are able to get a close approximation for the
flow.

It has been shown that through the methods of
differential equations one can reach conclusions achieved by
others through methods of integration, composition of func-
tions, and Green's function.

Given similar data, this method can be applied to

solve other problems in differential equations. One elemen-

tary example 1s Bessel's equation of integer order:

2 »

Xy + xy° + (x% - p¥)y = 0.

e o]
We assume an infinite series expansion y = Z: anxn
n=0
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satisfies the problem. If not, then the method fails.

y© = Z nanxn“l, y° o o= Z n(n—l)anxn'2
n=1 n=2

0

Thus the equation becomes z: n(n-1l)a, xn +
n=2

z napxn + (x* - p?) Z an,xD = 0. For n = 0 we have
n=1 n=0

-p?a,x® = 0. Thus a, = 0 if p is not zero. For n = 1,
we have a X - pzalx = 0. Thus a, = 0 if p is not equal

to t1. For n = 2, we get 2a,x? + 2a,x® + a,x* - p?a,x? = 0.
Thus a; = 0 if p is not equal to *2, We are saying that p
is an integer so we don't have the trivial solution y = 0.

Generalizing we get a = 0 for n < p, ap, ap+2s ap+h, °°°

are nonzero, and ap+1s 8p+3s ap+h, °°° are zero. The solu-

tion is thus

Jy = % {1 = X + X - eee},
n = Mpt 22.1'(n+1) 2% 2T (n+1) (n+2)




D.
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